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Low-Complexity Hyperbolic Source Localization
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Abstract—We develop linear equations for low-complexity
source localization, based on time difference of arrival (TDOA)
measurements at a linear sensor array. The derivation comes from
hyperbolic geometry in Cartesian coordinates, and the algorithm
is valid for (possibly wideband) sources in the near or far field. An
error analysis is used to predict bias and mean-square error, as
well as provide optimal weighting for a low-complexity noniterative weighted least squares solution. A connection is made with
an algorithm for arbitrary array geometry. Simulation results
show that the proposed algorithm achieves maximum-likelihood
performance and the Cramér–Rao bound at medium to low
TDOA measurement noise level.
Index Terms—Hyperbolic, linear array, source localization.

I. INTRODUCTION
IME difference of arrival (TDOA) estimates from a
sensor array can be used to localize a source, e.g., see Lee
[1]. This TDOA-based localization technique accommodates
wideband signals, spans both near and far field sources, and
requires relatively little a priori information about the source.
The problem arises in acoustics and other applications, and
it requires sufficient time-bandwidth product, signal-to-noise
ratio, and spatial coherence [2]. The linearization solution
based on Taylor-series expansion by Foy [3] involves iterative
processing, typically incurs high computational complexity,
and convergence requires a tolerable initial estimate of the
position. Generalized cross-correlator processing techniques
have been proposed and analyzed by Carter [4], and methods
based on range-differences have also been developed [5].
In practice, low-complexity solutions may be highly desirable, to conserve energy and reduce processing delay. One way
to achieve this is to set up and solve a set of linear equations,
thereby yielding fixed complexity with classic least-square solutions.
Linear hyperbolic positioning methods based on TDOAs for
an arbitrary receiving array were proposed independently in [5]
and [6]. They are not iterative and do not suffer from initialization issues. Some closed-form linear algorithms were also
proposed for passive acoustic source localization applications
[7], [8]. A noniterative closed-form algorithm for 2-D geolocation was presented by Chan and Ho [9]; this work also estab-
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Fig. 1. An

M -sensor linear array. The signal source is at (x ;y ).

lished that the two earlier algorithms ([5] and [6]) were equivalent and suboptimal. The main idea is a two-stage weighted
least-squares (WLS) technique using a refining process at the
second stage by employing the nonlinear relation of the coordinates. This WLS algorithm achieves the Cramér–Rao bound
(CRB) for small TDOA measurement errors.
In this paper, we further analyze and develop a simple
closed-form algorithm for a linear sensor array [10], by utilizing geometric properties of hyperbolas. A WLS estimator is
proposed whose performance and improved weighting matrices
are derived based on a second-order perturbation technique,
and we show a connection with the localization algorithm of
Friedlander [6]. Simulations confirm the analysis and show
that the algorithm achieves the CRB when the TDOA error is
sufficiently small.
II. HYPERBOLIC LINEAR LOCALIZATION ALGORITHM
Consider a size linear sensor array, from to
, placed
on the x-axis as shown in Fig. 1. The (x,y) coordinates of
are
, where
. The signal source is at
. The hyperbola
centered in the middle of two
and
is determined by the TDOA
between
sensors
from the TDOA is
them. Thus, the range difference
given by
(1)
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is the distance from the signal source
where
to the th sensor. In the following, to simplify the notation, we
with .
replace
The standard geometry definition of hyperbola is: the difference of the distance from any point on the hyperbola to the two
foci is . If the distance between the two foci is and we adopt
a Cartesian coordinate system, we have
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or an equivalent form
, where
.
As we have shown [10], a closed-form solution for can be
derived directly from the alternative definition of a hyperbola:
the locus of points whose distance from the focus is proportional
to the horizontal distance from a vertical line known as the conic
section directrix, where the ratio is the eccentricity. The signal
source lies on a series of hyperbolas whose parameters are determined by as well as the distance between the two respective
receiving sensors, as shown in Fig. 1. The parameters of hypercan be obtained as
bola
(2)

. Stacking elements for
where
into vectors, we obtain
(11)
This immediately suggests a WLS estimate for

(12)
where
lows.

is the weighting matrix, and an estimate of
can be chosen as
, where

(13)

(3)
where is the eccentricity of , and
and
are the x-coordinates of intersections of the left and right directrices of
with the x-axis, respectively.
is both the right
Since sensor
and the left focus of hyperbola
,
focus of hyperbola
the distance from the source to this sensor can be equivalently
expressed in terms of the directrices and eccentricities of both
and
as
(4)
Note that
always holds. Let be an indicator of
when
relative location of source and sensor, equal to
, and 1 otherwise. Now, we can write
(5)

fol-

For best performance, the weighting matrices
and
depend on the true source location, and they can be found either
by an iterative process based on the previous estimated location
[6] or from the signal and noise power spectra [9]. In our simulations, we will use the theoretical error analysis results detailed
in Section IV to build the optimal weighting matrices.
The inherent reflection ambiguity with a linear array means
the polarity of , and the value of , depend on the source location relative to the array. In practice, some prior measurement or
other information can be exploited. For example, to determine
, compare ,
, and
. If
and
,
; otherwise,
. In the following development,
then
we restrict our attention to the case where the source is located
for all
above the sensor array, leading to
and
for all
. We also assume
to
further resolve the ambiguity in estimating the source y-coordinate. This discussion is easily generalized to other scenarios.

Substituting (2) and (3), then (5) becomes
III. CONNECTION WITH AN ALGORITHM
FOR ARBITRARY ARRAYS
(6)
Collecting coefficients of corresponding to
in a column vector , and the right-hand side in a column vector
, the localization model can be written as
(7)
are known, then
can be
Noting that all quantities except
estimated via a weighted least-squares criterion given by

(8)
We choose the weighting matrix as
the covariance matrix of the error vector

, where

is
(9)

is found in Section IV below.
An expression for
Once is estimated, can be found from a set of equations
consecutive hyperbolas
describing
(10)

Next we show a link with a solution proposed from a different perspective [6] that is first briefly reviewed. Consider an
arbitrary sensor array. Denote the sensor coordinates as
, where
does not always hold. The distance from
. To be consistent with notation in
the origin to is
for range-difference and
for
[6], in this section, we use
TDOA.
In [6], a nuisance parameter is introduced, that is the disin the
tance from the source to an arbitrary reference sensor
array. The algorithm derivation starts from the definition of
and range difference
. After some algebraic manipulation,
equations for into a matrix form, and pre-mulcollecting
, it is shown that [6]
tiplying by a matrix
(14)
where
is a null-space matrix of
, and the th
,
, and
rows of , , and are
, respectively. A closed-form solution is obtained as
(15)
as long as matrix
has full column rank, which is highly
probable for an arbitrary array of sufficient size. Note, however,
that this algorithm excludes a linear array geometry because in
is singular.
this case,

LIU et al.: LOW-COMPLEXITY HYPERBOLIC SOURCE LOCALIZATION WITH A LINEAR SENSOR ARRAY

In particular, for a linear array as in Fig. 1, the location of
becomes
. Thus, matrix
has an all-zero column
can be deterand loses column rank. Now, from (14), only
must be estimated by another method, such as
mined, and
as
via (12). For simplicity, suppose we choose the sensor
with two foci
and
the reference sensor. The hyperbola
is determined by the range difference
. Substituting expres, , and into (14), we obtain
equations,
sions for
independent equations. Excluding the last
but with only
equations can be arranged as
equation, the remaining
(16)
where the

th element of
is
, and the
th

element

of
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(20)
which are functions of deterministic matrices that depend on
the error-free measurements and sensor locations and whose expressions are provided in [10]. We find the covariance matrix
, defined in (9), to be
(21)
. Replacing by
whose inverse we use for weighting matrix
and by
in (8), and substituting (20), the estimation
error for up to the second order of can be easily found by
Taylor expansion as

is
, for
.
Referring back to Section II, if we also use as the reference
for sensensor, then the range difference becomes
has the following parameters:
sors and . The hyperbola

(22)
where , , and are functions of error-free measurements,
, similar to those desensor locations, and weighting matrix
. Now, the
fined in [10] but with the appropriate insertion of
and the MSE
of
are found to be
bias

(17)
(23)
(24)

(18)
Now the distance
be written in

from the source to the first sensor
equations as

can

where
.
To obtain the estimation error for , we first consider .
Notice that (12) has a form similar to (8). Similar to our previous
and , and then
is given by
development, we find
(25)

(19)
Subtracting two consecutive equations for
, we
, which can be written in a matrix form identical to
obtain
(16). Therefore, our proposed solution for is mathematically
equivalent to a modified version of the algorithm in [6] when
the sensor array is linear and the reference sensor is fixed.
Our derivation provides an intuitive view and a geometric interpretation, and we have developed an estimator for . In the
next section, we develop bias and mean-square error expressions
for our algorithm.

where deterministic quantities , , and are similar to those
. Finally, using
obtained in [10], but now incorporating
and , the covariance matrix
defined in (13) is found, and
.
its inverse used as
, the bias
and MSE in estimating
Since
can be found in terms of
as follows:
(26)
(27)
Given (23), (24), (26), and (27), the MSE and bias of the total
localization error can be obtained as (e.g., see [11])

IV. ERROR ANALYSIS
First, we find the mean-square error (MSE) and bias
, following a procedure similar to [10] but with
of
weighting matrices incorporated. The estimation error may
be caused by inaccurate distance difference (or equivalently
TDOA) measurements or possibly sensor location error
[11]. Here we consider the impact of measurement errors
. For simplicity, we assume the errors are zero mean and independent with diagonal correlation
. Analyses can be easily
matrix
generalized to incorporate other cases. Denoting a squared
and applying a
error vector as
second-order perturbation technique, errors in and from (8)
can be found to take the following form:

(28)
and the total variance is given by

.

V. SIMULATION RESULTS
Consider a ten-element array with sensors located at
,
. The source is located
. The additive noise in the distance
at
difference measurements is assumed zero mean, independent
Gaussian distributed, and the noise variance for all sensor
. Fig. 2 compares the average normalized MSEs
pairs is
and bias between the LS (identity weighting matrix) and WLS
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Fig. 2. Performance comparisons for LS, WLS, MLE, and CRB.

Fig. 4. Performance of the WLS algorithm for varying range/baseline ratios.

VI. CONCLUSION
A low-complexity noniterative WLS source localization
algorithm was derived for a linear array, based on geometric
properties of a set of hyperbolas. Error performance was conducted using a perturbation technique, and WLS performance
approaches the CRB for medium to low measurement noise
levels, which verified the algorithm is asymptotically optimal.
The algorithm provides a simple method for localization for
both near and far-field sources.
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