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Abstract—Using the Ziv–Zakai bound (ZZB) methodology,
we develop a Bayesian mean-square error bound on time delay
estimation (TDE) in convolutive random channels, and compare
it with time delay estimator performance and a Cramér–Rao
bound. The channel is modeled as a tapped delay line, whose taps
are Gaussian random variables that may be nonzero mean and
correlated, a model widely adopted in many applications such as
wideband fading in a multipath channel. The time delay has a
uniform prior distribution. A ZZB is developed that incorporates
the prior on the random time delay, as well as the convolutive
random Gaussian channel, and does not assume the receiver has
knowledge of the channel realization. The ZZB provides good performance prediction for maximum a posteriori (MAP) time delay
estimation, tracking the low, medium, and high signal-to-noise
ratio (SNR) regimes. The convolutive channel model includes
important special cases, such as narrowband Gaussian channels
corresponding to Rayleigh/Rician fading, wideband multipath
channels with a power decay profile (such as exponential decay),
and known channels. We show that the associated Cramér–Rao
bound is tight only at high SNR, whereas the ZZB predicts
threshold behavior and TDE breakdown as the SNR decreases.
When compared to a ZZB that assumes knowledge of the channel
realization, the ZZB developed here provides a more realistic
and tighter bound, revealing the performance loss due to lack of
channel knowledge. The MAP estimator incorporates knowledge
of the channel statistics, and so performs much better than a
maximum likelihood estimator that minimizes mean square error
but does not use knowledge of the random channel statistics.
Several examples illustrate the estimator and bound behaviors.
Index Terms—Bayesian estimation, convolutive fading channel,
Cramér–Rao bound, error analysis, MAP estimation, MLE, time
delay estimation, Ziv–Zakai bound.

I. INTRODUCTION

T

IME DELAY estimation (TDE) is fundamental in
many applications, including ranging, synchronization,
communications, geolocation, and array processing. The
Cramér–Rao bound (CRB) has been extensively applied for
bounding TDE performance in the case of a deterministic
channel model, e.g., Yau and Bresler developed CRBs for
superimposed and delayed parameterized signals [2], and that
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approach is readily adapted to the case of TDE in a known
deterministic multipath channel [3]. However, the encountered
channel is often wideband, random, and unknown. And, the
CRB is only tight at high signal-to-noise ratios (SNRs). In this
paper, we develop a Bayesian bound on TDE in convolutive
random Gaussian channels that is suitable for a large range of
SNRs, and we compare the bound with time delay estimator
performance. The Gaussian random channel model is widely
adopted, for example, for narrow band and wideband wireless
communication fading channels [4]–[6].
The first part of the paper is devoted to derivation of a
Bayesian mean square error (MSE) bound on TDE using the
Ziv–Zakai bound (ZZB) approach [7], [8]. The ZZB is among
the best MSE bounds for predicting optimal estimation performance over a wide range of SNRs; e.g., see Van Trees and Bell
and references therein [9]. A survey of TDE bounds is given
in [10]. ZZBs on TDE have been developed for narrowband
frequency hopping channels [11], parallel narrowband channels [12], [13], and for ultra-wideband signals in additive white
Gaussian noise (AWGN) channels [14]. Bayesian bounds have
also been developed by Weinstein and Weiss and applied to
TDE [9], [10], [15].
We assume that the receiver knows the channel distribution,
but does not know the channel realization. The signal is assumed
known to the receiver, and the time delay has a uniform prior
distribution. We have previously considered the case when the
channel realization is assumed perfectly known at the receiver
to develop a ZZB on TDE [16], sometimes called the perfect
measurement based lower bound [17]. The ZZB developed here
represents a more realistic and tighter bound, and comparison of
our new results with [16] reveals the TDE accuracy penalty associated with the unknown channel. Our ZZB derivation differs
considerably from that in [16]. Here, both the multipath channel
taps and noise are treated as Gaussian random variables. The
log-likelihood ratio (LLR) for the associated hypothesis test in
the ZZB derivation is shown to follow a general quadratic form
of a Gaussian random vector. We then find the probability density function (pdf) of the LLR via a moment generating function (MGF) approach, that in turn leads to the minimum detection error probability expression needed to complete the ZZB
derivation.
We compare the ZZB with a CRB, as well as the performance
of a maximum a posteriori (MAP) time delay estimator. With a
uniform prior on the time delay parameter, the Bayesian CRB is
inapplicable due to the violation of regularity conditions, so we
turn to the expected value of a conditional CRB [9], conditioned
on the random Gaussian channel. We show that the ZZB provides much better prediction of the MAP estimator performance
for high, medium, and low SNR regimes, than does the CRB. We
also compare to a minimum mean-square error (MMSE) time
delay estimator. The MAP estimator exploits knowledge of the
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channel distribution, and so performs considerably better than
the MMSE estimator that does not.
This paper is organized as follows. In Section II, the signal,
channel, and receiver models are introduced. The received
signal distribution is established in Section III, along with
the setup for the ZZB derivation. The ZZB derivation and
various cases occupy Sections IV through VII. In Section IV,
development of the ZZB is facilitated via a MGF approach
using quadratic forms of Gaussian random variables. The ZZB
is analyzed asymptotically for both low and high SNRs in
Section V, and a means to find the SNR thresholds is described.
Some important special cases of the ZZB are then considered
in Section VI, including the cases of memoryless random
channels (flat fading) and known channels. A detailed road
map for computation of the ZZB, as well as low and high SNR
limiting cases, is provided in Section VII. In Section VIII,
we compare the ZZB against Bayesian time delay estimation
performance, and the CRB that is averaged over the random
unknown channel. Numerical examples of estimation and the
bounds are given in Section IX, followed by conclusions in
Section X.

III. DEVELOPMENT OF THE ZIV–ZAKAI BOUND
The development of the ZZB links estimation of time delay
to a hypothesis testing problem that discriminates a signal at
two possible delays [7]. Let be a time delay estimate. For a
received signal
at one of the two possible delays
or
, where
and
, the
hypothesis test is given by

(4)
, and let
Denote the estimation error by
be the minimal probability of error achieved by the optimum
detection scheme in making the above decision. If the two hypothesized delays are equally likely to occur, then the estimation
MSE is lower bounded by [7]
(5)
is only a
In general, with equally likely hypotheses,
function of the offset and not . Thus, we will write
, and it follows that

II. SIGNAL AND CHANNEL MODELS
The transmitted signal is given by
, where
is normalized to have unit energy, so that
is the transmitted signal energy. The signal propagates through a convolutive random channel, or tapped delay line, with fixed spacing ,
given by
(1)
is the total gain factor, is the total number of taps,
Here,
is the gain for the
th tap, and let
. We
model as a Gaussian random vector with distribution denoted
, where
is the mean vector and is the covariance
matrix. The channel is assumed to have unit power such that
, where tr is the trace operator. Define
and denote the positive real propagation delay as . The
received signal is given by

(6)
Evaluation of the bound (6) relies on finding the minimal probin making the hypothesis test. We will
ability of error
find
by evaluating the LLR test, as follows. We find the
conditional distribution of the received signal, conditioned on
the channel realization. This is then averaged over the channel
distribution, yielding the distribution of the received signal, reflecting the lack of knowledge of the channel at the receiver. The
LLR is shown to depend quadratically on the received signal,
and in Section IV we use a moment generating function approach to find an expression for the LLR distribution. Finally,
is found using the LLR distribution.1
A. Received Signal Distribution
From (2), the received signal can be written as
(7)

(2)

where takes the value 0 or 1 corresponding to hypotheses
or
, respectively, and

where

(3)
and

is AWGN with double sided spectral density
, from which the signal to noise ratio is defined as
. We assume a uniform prior distribution for in
.
The TDE problem is to estimate , and we derive a ZZB for
this beginning in the next section.

Note that, in the context of developing the bound, the delay parameter in (3) has been replaced by
. We assume the duration of the observation window at the receiver , is much larger
1Note that with a known channel, P (1) is equivalent to the error probability
of an optimal detector for binary pulse position modulation (PPM), as a function of the relative delay 1 [16]. In our case, this involves averaging over the
unknown random channel.
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than the sum of and the duration of the channel output waveplus the
form, where the output waveform duration is
duration of transmitted signal
. From (7), the distribution of
conditioned on channel gain and time delay
is [4]
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where
(13)
and is the SNR as defined in Section II. The received signal
and , given by
is embedded in

(8)
where
and

absorbs all of the integration constants independent of
, and

Using
and
given by

, (12) can be expressed as a function of

,
(14)

(9)
where
.
is a symwith
metric Toeplitz matrix independent of . We also introduce the
non-symmetric Toeplitz matrices
and
, to be used in the
ZZB development in Section III. If we denote the transmitted
waveform autocorrelation by

(15)

(16)
and define the
down-shifting matrix whose first subdiagonal elements below the main diagonal are ones while all
others are zeros, then these matrices can be compactly written
as [16]

Note that does not depend on , i.e., it does not depend on
the hypothesis choice. Note also that
in the zero-mean
channel case, i.e., when
.
B. Log-Likelihood Ratio Test

(10)

We can now use the received signal distribution in (14) to
evaluate the likelihood ratio (LR) for the hypothesis test. The
LR to decide on hypothesis
, is
(17)

where
.
Next, we average (8) over the channel , given by

Because in (14) does not depend on the hypothesis choice,
then it will not affect the error probability of the hypothesis test
and can be dropped. Consequently, employing (14), the LLR
becomes
(11)
The expected value of the exponential of a quadratic form of
the normal random vector can be obtained from its moment
generating function [18]. Let be the exponent in (11), given
by

(18)
where

Using (100) in Appendix I, with

, then we find
(12)

(19)
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An error occurs if
, or if
. Thus,
the hypothesis test minimum error probability can be written as

and (26), the mean and variance of
pressed as

can be compactly ex-

(27)
(20)
where the second equality assumes equally likely hypotheses.
, and
. Then (18) and (20) beLet
come

where
(28)
Thus, the probability density function (pdf) of the
sional Gaussian vector
can be written as

-dimen-

(21)
(22)
Our goal now is to evaluate the probabilities in (22), in order
in the ZZB expression (6). In the next subsection
to use
we find the distribution of
. Then, in the next section, we
derive the distribution of
from which the probabilities are
obtained.

which will be useful in the next section.
Note that with the distribution of
, we can easily express
the probabilities in (22) as

C. The Distribution of

(29)

Using (9) and (7) conditioned on
expressed as

, then

and

can be

(30)

(23)

However, these require finding the bounding set for and evaluating the -dimensional integrals. In the next section, we introduce an MGF approach that results in a 2-dimensional integration and is much more computationally attractive.
IV. EVALUATION OF THE ZZB USING THE MOMENT
GENERATING FUNCTION

(24)
where

Stacking

and

as in (19), we obtain

(25)
Similarly, conditioned on

, we find
(26)

Therefore, under either hypothesis the data vector or is a
linear combination of Gaussian vectors and , so that
follows a normal distribution as
. Using (25)

Using the results from Section III, we can now evaluate the
ZZB as follows. If we know the distribution of the log-likelihood
ratio
in (21), it is straightforward to evaluate the probabilities in (22) via 1-dimensional integration, and then use the resulting
to find the ZZB in (6). Note that
is a quadratic
function of the Gaussian vector
, and so no closed form is
available for the distribution of
. Consequently, we adopt an
MGF approach to find it. The MGF of
is given by

(31)
, which we refer
We consider two alternative forms for
to as the direct form and the compact form. The compact form
relies on eigendecomposition, but does not require explicit matrix inversion as does the direct form. So, in general the compact form is preferred for numerical evaluation. However, the
direct form will prove convenient to carry out asymptotic analysis in Section V. Further numerical details are deferred until
Section VI.
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A. MGF Direct Form
Applying (101) from Appendix I, and using the mean and
from (27), we can evaluate (31) to obtain
variance of
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is positive definite,
From the structure of and the fact that
for all .
it follows that
From this, the elements
of
are independent Gaussian
random variables, each with zero mean and unit variance. It follows that (36) can be written as

(32)

(39)

where

(40)
(33)
Setting
, the Fourier transform of
, and the probabilities
the pdf of
are given by

yields
and

where
is the th element of .
The MGF is now obtained by using (39) in (102) from
Appendix I:

(34)
(35)
Substituting
and
into (22), the minimum error probability
follows.
The fast Fourier transform (FFT) algorithm can be employed
to approximate the continuous Fourier transform in the innermost integration in (34) and (35). However, to do this, then for
we must compute the matrix inverse and determieach
nant of
, which has high computational complexity. In the
next subsection we use the eigendecomposition approach to derive a compact form for the MGF, leading to lower complexity.
We also note that (32) will prove useful to carry out asymptotic
analysis of the ZZB in Section V.
B. MGF Compact Form
Next we consider an alternative evaluation of the MGF, that
relies on eigendecomposition. We begin with the LLR in (21).
Using the definitions of and in (19), it can be easily shown
that
. Therefore, the LLR becomes
(36)
is a Gaussian random vector with variance
Note that
and whose mean is

We introduce the zero mean Gaussian random vector
tained from
by the transformation

,

, ob-

so that the variance of
is the identity matrix , and the vector
is a linear transformation of channel mean
given by

(41)
In this case, each of the
product factors stems from the
MGF of a scaled noncentral Chi-square random variable with
one degree of freedom [18]. This observation is consistent with
(40), consisting of two weighted sums of independent noncentral Chi-square random variables, where each term in the summation results in a multiplicative factor in (41). As with the
MGF direct form, substituting into (34) and (35), the decision
error probabilities can be found, and the ZZB follows.
Note that compact form of the MGF in (41) does not require
matrix inversion at all possible frequencies, although when evaluating
, it is necessary to re-compute
, and the
eigendecomposition in (38) for each value of . Overall, the
compact form requires less computation than the direct form,
and we use the compact form in our numerical examples in
Section IX.
V. ZZB ASYMPTOTIC ANALYSIS AND THRESHOLD REGIONS
In this section, we derive asymptotic expressions for the ZZB
at both low and high SNRs, and show how SNR thresholds can
be found to isolate the low and high SNR regimes. We expand
the MGF direct form of (32) in a power series as a function of
for high SNR. The MGF in (32)
SNR for low SNR, and
, and
. These quantities depend
is a function of
on , that in turn depends on
in (15), where
incorporates
, and finally in (13) is a function of the desired expansion
variable . So, we begin by expanding in , or
in
,
and then substitute these until we obtain the desired expansion
of the MGF.2
A. Low SNR Regime
Using the results from Appendix I-B, we find a Taylor expangiven by
sion of

(37)
In this transformation,
is a unitary matrix in the eigendecomposition of the symmetric matrix given by

(38)

(42)
2A similar approach can be applied beginning with the MGF compact form.
Along with some common terms arising in the MGF direct form expansion, this
also requires expansion of eigendecomposition components P and  in (38)
that can be obtained using a perturbation technique detailed in [19].

2734

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 58, NO. 5, MAY 2010

It follows that we can expand
as

, contained in

,

is the -function.
where
Substituting (51) into (20) and using the following expansion of
the -function for small [16]

(43)
Subsequently,

and

become

equation (20) becomes
(52)

(44)
Substituting into (6), the low SNR ZZB is approximately
Then,

and

become
(53)

(45)

Using the definitions of
in (44), in (28),
(26), and
in (27), it can be easily shown that

in (25) and

(46)
Using the Taylor expansions in (108), (109) and (110) in
can be exAppendix I-B, the inverse and determinant of
panded as

Therefore, we arrive at the desired low SNR ZZB, given by

(54)

(47)
From (46) and (47), we obtain
(48)

The resulting bound is a function of the channel mean
and
signal correlation , while not depending on the channel correlation because the term associated with
in (49) has been
neglected.

Substituting (46) and (47) into (32), the MGF expansion is
B. High SNR Regime
Now we consider large

. We rewrite (13) as

(49)
so that the Taylor expansion of
As
, the leading coefficient in (49) goes to unity, and the
first order approximation of the MGF in the low SNR regime is

can be expressed as

(55)
and it follows that

(50)
(56)
This is the MGF of a normally distributed random variable with
mean
and variance
. Thus, at low SNR,
. Therefore, (34) and (35) are

(51)

Subsequently,

and

become3

3For clarity in the expansion in terms of SNR  , we preserve the notation  ,
although 
.

=1
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with rewe first express the inverse and determinant of
spect to using the Taylor expansions (108), (109), and (110)
in Appendix I-B, and obtain

(57)
Now

and

have Taylor expansions

(61)

(62)

(63)
By (59) and (61), it follows that
(58)

(64)
(59)

where

(60)
is singular and
is non-singular.
where
Here we focus on the case of large , but note that
will
vary from small to large. In order to easily evaluate the inverse
and determinant of
for large and small-to-large , it
is inappropriate to view
as the dominant term in (58) due to
the singularity of
and possibly small . Thus, (58) should
not be regarded as a power series in alone. Instead, an analytically elegant approach would be to expand the appropriate
quantities as a function of both and in order to cope with a
large range of and large . However, this leads to significant
complexity, e.g., using piece-wise approximations for different
variable range combinations to complete the integration in the
probability evaluation. Fortunately, numerical study reveals that
the MGF is very steep around its peak at high SNR (the pdf
is much flatter than for the low SNR case). This observation
permits us to focus on the small
region only. Accordingly,

(65)
Substituting (60), (63) and (64) into (32), the MGF becomes

(66)
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Finally, by ignoring the high order terms of both
obtain the desired high SNR MGF approximation

and

we

(67)

The distribution of the received signal is proportional to

in (67) and substituting into (34) and (35), the
Setting
in (22).
probabilities can be found for

(70)
where

C. Thresholds and Performance Regions
Our asymptotic analysis results at low and high SNRs are
valuable in determining disjoint segments of SNR , separated
by thresholds, that characterize different performance regions.
We define the thresholds as the SNR values where the ZZBs
and the asymptotic ZZB approximations differ by
[16]. Let
us apply this rule to the low SNR regime first based on (54).
Taking the limit
, the convergence level is
.
Therefore, we can find the threshold
that yields half of
the convergence level

The mean and variance for

are given by

In this case, the log-likelihood ratio becomes
(68)
Solving this equation numerically, one can obtain .
The threshold
at high SNR can be found similarly.
Substituting (67) into (34) and (35), and subsequently into (22),
follows. Using that result in (6) and setting it equal to
half the general ZZB from (6), an equation in results.
VI. IMPORTANT ZZB SPECIAL CASES

(71)
In particular for the Rayleigh fading case
, then
and
. Since
, the LLR test reduces to
comparison of
with , the signal power.4 Thus, the error
probability expression before simplification matches (113) in
therein. Moreover,
, and
[13] under

In this section, we consider the ZZB for three cases of broad
interest. First we look at narrowband channels, corresponding
to Rayleigh/Ricean flat fading, and we recover a result derived
differently by Kozick and Sadler [12], [13]. We then consider
wideband channels with independent taps, with the signal bandwidth matching the channel bandwidth. Finally, we consider the
deterministic case when the receiver knows the channel.

(72)

If we define the SNR as in (75) in [13],

A. Single Tap Channel
With
, the channel gain follows
corresponding to Rayleigh/Ricean flat fading. The received signal
is modeled by

(73)
then our (72) above becomes

(69)
and correlation and other terms are

(74)
4As pointed out in [12], [13], the optimal detector corresponds to a non-coherent matched filter.
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which takes the same form as (115) in [13]. With the above
results, the same closed form expression for error probability
as in (116) and (117) of [13] can be obtained as
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TABLE I
SYMBOLS AND EQUATIONS FOR EVALUATING THE ZZB AND
ITS APPROXIMATIONS

(75)
See [12], [13] for extension to multiple narrowband independent
channels, and further results including CRBs and estimation.
B. Wideband Waveform With Independent Channel Taps
For this case, we assume that the waveform bandwidth
matches the channel, with an ideal correlation function such
that
for
and
for
. Thus,
the waveform autocorrelation matrix
in (10) becomes
, and
has at most two nonzero subdiagonals. We
also assume independent channel taps, where each channel
tap may have different mean and variance. This corresponds
to many measured wireless fading channel models, e.g.,
with an exponential decay in the variance. Now, the channel
mean vector is
and covariance matrix
.
Let us examine the dependence of the two data vectors and
in the LLR expression. As an example, assume hypothesis
. Using (23) and (24), we find

which is Gaussian distributed with mean
and variance
. Then,

Similarly, it follows that
as above. Therefore,

takes the same expression

(76)
(77)
These simplified expressions can be used to replace their counterparts in our earlier ZZB development.
Remark: Further simplifications do not appear to be straightforward. For example, with multiple independent flat fading
(single tap) channels, a simplified ZZB expression is obtained
in [13, Sec. 5.3], using results from Appendix B of [4] or Apis a funcpendix 9A of [5]. However, in our case, note that
tion of the continuous variable . While the elements of are
independent, the entries of
are not necessarily independent
except for some special values of such that
has only one
non-zero subdiagonal. Also, from the above covariance, and
are generally correlated for most values of . These conditions violate the assumptions used in [13].
C. Known Channel
Next we consider the case when the channel is fixed and
known to the receiver. Now, the LLR is governed by (8), rather
than taking the expectation over channel realizations as in (11).
The LLR can be easily shown to be
, with some
constants suppressed.5 It follows that

5With the signal and channel known to the receiver, the corresponding optimal
detector is a coherent matched filter.

and
are functions of . Substituting into
Notice that
(6), the ZZB can be evaluated. We can also find the low and
high SNR asymptotic ZZB expressions by incorporating the
power series expansion of the -function in [16], as we did in
Section V.
VII. SUMMARY OF THE ZZB COMPUTATION
In this section, we summarize the computation of the ZZB.
The ZZB can be evaluated for the various cases as follows, with
reference to Table I. The computation flows downward in the
table. Below we describe the general ZZB computation, as well
as the low and high SNR approximations from Section V. See
also Section VI for other special cases.
Step 0 (Initialization): The input parameters to the bound are
given as follows. The uniform prior on the time delay is specified by duration , the signal is specified by its deterministic
autocorrelation , and the random Gaussian channel parameters are mean , covariance matrix , number of taps , and
the tap spacing in time .
Step 1 (Intermediate variables): Using the initial specification from Step 0, simple linear algebraic operations yield the
intermediate variables
, and the distribution parameters
and
of
the data vector
.
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Step 2 (Moment generating function). Next the MGF is calculated. Generally, either the direct form or the compact form can
be employed (see the discussion in Section IV). In the table, we
also show the variables associated with the low and high SNR
asymptotic cases.
1) MGF direct form: The variables
and
are
calculated, and then the MGF is computed by (32).
is found by (37), and
2) MGF compact form: The variable
of
using (38). The MGF
the eigenvalues
is computed by substitution into (41).
3) Low SNR approximation: Compute from (44), and then
use (50).
4) High SNR approximation: Compute variables
, and
, and then use (67).
Step 3 (Probability of error): Next , the probability of error
of the hypothesis test associated with the ZZB, is found by substituting the MGF from Step 2 into (34) and (35), and then into
(22). Note that for the low SNR approximation,
can alternatively be computed using (52).
Step 4. The ZZB is obtained by substituting
into (6).
Next we discuss numerical issues in the ZZB computation relating to the MGF. The MGF can be computed using the direct
or the compact form. The direct form relies on computing the
determinant and inverse of
for each
, which
is computationally expensive. The compact form allows us to
to compute the determiexploit the symmetry of
nant and inverse efficiently from its eigenvalues and eigenvectors, which are independent of , and then (41) follows easily.
Thus, the compact form is generally preferred, and we adopt it
in our numerical studies that follow.
Step 3 relies on the Fourier transform of the MGF in (34) and
(35), which can be computed efficiently using the FFT, but requires truncation in the frequency variable due to the infinite
integration limits. Thus, the truncation value must be specified,
as well as the size of the FFT used to sample the MGF up to its
truncation point. As we noted in Section V, the MGF concentrates around its peak at high SNR, and in the cases we have
studied, the truncation error diminishes rapidly. However, at
lower SNR, larger truncation thresholds are generally required,
and longer FFTs are needed to sample the truncated MGF.
A related issue, arising with the MGF transform computation,
is the inherent rectangular window weighting; the pdf estimate
is convolved with a sinc function. When
is large (i.e., low
SNR), any numerically induced error is generally negligible.
But when
is small (high SNR), then oscillations in the pdf
estimate may lead to an error in . Therefore, generally at high
SNR, we smooth the pdf estimate by convolving with a positive valued smoothing function, ensuring that the pdf estimate
is strictly greater than or equal to zero. The appropriate length
of the averaging window depends on the sampling interval of
the pdf. The oscillation can also be alleviated by increasing the
MGF truncation window length as well as the FFT length within
the window, with an increase in computational complexity.
VIII. BAYESIAN TDE ESTIMATION, THE AVERAGE
CONDITIONAL CRB, AND THE ZZB
For comparison with our ZZB, we first present the MAP and
Bayesian maximum likelihood (ML) time delay estimators.
Then we develop an alternative bound, deriving the expected
value of the conditional CRB, averaging over the random
channel. Finally, we compare the MAP estimator mean square
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error performance at low SNR to that predicted by the ZZB,
and show how the approximations in the ZZB lead to a bound
that does not precisely converge to the prior distribution at
low SNR, whereas the MAP estimator does. Convergence of
the MAP estimate to the ZZB at high SNR is shown in the
examples in Section IX.
A. Bayesian Time Delay Estimation
The MAP and Bayesian ML estimators are commonly used
for estimating random parameters. Generally they are equivalent as the SNR increases to infinity. However, if the a priori
distribution of the parameter is uniformly distributed, these two
estimators are the same in the whole range of SNR [20]. For our
case the unconditional distribution of the received signal, averaged over the channel distribution, is given by (14). With the
, then the MAP
uniform prior on the time delay
and Bayesian ML estimators are

(78)

(79)
and so they are identical in this case.
For later comparison, we also state the generalized maximum
likelihood estimate (GMLE). For our problem, this assumes the
channel is deterministic and estimates the time delay by

(80)
This GMLE does not use knowledge of the channel distribution, and is then equivalent to a minimum-mean-squared
error (MMSE) estimator [21]. In Section IX we will see that
lack of knowledge of the channel distribution significantly
impairs the performance of the GMLE with respect to MAP
estimation.
B. Cramér–Rao Bound
Next we consider the Cramér–Rao bound for our problem.
Generally, we should employ the Bayesian CRB (BCRB). However here, with a uniform prior, the regularity condition for computing the BCRB is not satisfied and consequently the BCRB
does not exist [17]. As an alternative, we derive the expectation
of the CRB conditioned on the random channel, which we refer
to as the expected conditional CRB (ECRB) [9].
Generally, if the estimator is assumed asymptotically conditionally unbiased for every value of the random parameter, the
MAP/ML estimators should provide performance converging to
the ECRB at infinite SNR, as established in [9]. For the time
delay estimation problem at hand, the ZZB and MLE are based
on the distribution in (14), which has been averaged on the
channel distribution, while the ECRB is to be derived from the
distribution in (8) which is conditioned on the channel. Thus,
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the ECRB may not converge to the prior distribution at low
SNR, and at high SNR it may be a slightly weaker bound than
the ZZB, as will be demonstrated in our numerical examples in
Section IX.
From (8), the log-probability conditioned on the random time
delay and the random channel vector is given by

(81)
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time delay and the random channel, and then evaluate its expected value with respect to both quantities

(87)
where the distribution of
and variance

is multivariate normal with mean

Differentiating, we have
(88)

(82)

Note that log(ECRB) is linearly decreasing with log(SNR), so
.
the slope of its root mean square equals
in (87). The result of (4.5d.4)
Next we evaluate
in [18] shows the negative power of a quadratic form can be
expressed as an integral

Note that the required regularity condition is satisfied
(89)
where
have

is the Gamma function. Applying this result, we

(83)
where
(90)

(84)

is the moment generating function of
in which
. We can use the result of (100) in Appendix I to express
it as

The second derivative is

(85)
The Fisher information is

(91)
This closed form MGF can be computed numerically, and note
that a compact form similar to that in Section IV-B can be used
to accelerate the computation. The ECRB is then easily obtained
from (91), (90), and (87) by numerical integration.
C. Comparing Bayesian TDE and the ZZB at Low SNR

(86)
where

and
.
To compute the ECRB, we compute the inverse of the above
Fisher information that is conditioned on both the prior on the

In the low SNR regime, the Bayesian TDE is noise dominated, and the TDE MSE converges to the variance of the prior
as the SNR goes to zero. With the uniform prior
over
, the MSE of our Bayesian estimate is
.
However, the low SNR convergence level of the ZZB was derived in Section V-C to be
so the ZZB does not
converge to the prior at low SNR. (For example, see Fig. 2 in
the next section.) This occurs because two key inequalities applied throughout the bound development by Ziv and Zakai [7]
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are not tight at low SNR. In the following, we explain this gap
by computing the bounding errors for our problem.
First, consider the last inequality in (3) of [7], and we obtain
(95)
Then

the

additional

corresponding

error

to

is

(96)
(92)

Finally,

during

the

development

in
[7]
to

from

, the total extra error is
(97)
Noting that
gap between the prior and the ZZB.

, this verifies the bound

IX. EXAMPLES
(93)
Then

the

extra

error

corresponding
to
in the same equa-

tion is

(94)
The other inequality causing an extra bounding error is from
to
in the derivation above (5)
of [7], in which
has the following expression:

In this section, we present examples of estimation performance and the corresponding bounds. The ZZB evaluation uses
the compact form, as described in Section VII. In addition to the
ZZB and ECRB developed in this paper, we also plot the “average ZZB” derived in [16]; this version of the ZZB assumes
the channel is known to the receiver, and the bound is averaged
over the channel statistics. It is interesting to compare the average ZZB to the ZZB developed here, which does not assume
knowledge of the channel and so is more realistic for the random
channel case.
We plot the root MSE (RMSE) of the TDE as the performance metric. Unless otherwise specified, the signal is a squareroot raised cosine (SRRC) pulse (see Appendix II) with roll-off
factor
and parameter
. The channel is Gaussian
with
, and
independent taps, and the prior has
. Note we normalize time to the channel tap spacing. Based on
measured wideband channels [6], an exponential power delay
profile is employed with decay factor
, the mean of the
first tap corresponding to a Ricean- factor for the first path of
20 dB, and all other taps with zero mean.
Fig. 1 plots the ZZB and the average ZZB, illustrating the
low, medium, and high SNR regions with thresholds. The ZZB
and average ZZB are coincident at low SNR, converging to
plotted as a horizontal line. The low SNR approximation from (53) or (54) is shown valid up to 0 dB, and converges to
as the SNR decreases to zero. Using (68) and
shifting 3dB down from the convergence MSE level (i.e., 1.5 dB
in terms of RMSE), we obtain the low-SNR breakdown point
to be
4.1 dB as shown in the figure. Beyond , the
ZZB and the average ZZB separate, with a roughly 3 dB loss in
RMSE performance due to the lack of channel knowledge that
is reflected in the tighter ZZB. The high SNR threshold occurs
at
17.4 dB. Beyond , the ZZB and average ZZB both
linearly decrease with increasing SNR, with a slope of about
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Fig. 1. Typical ZZB behavior for time delay estimation, including low,
medium, and high SNR regimes with thresholds  and  . The channel is
Gaussian with strong Ricean K -factor in the first tap, and exponential power
decay profile. The average ZZB is a weaker bound that assumes the channel
is known to the receiver.
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Fig. 3. ZZB on time delay with curves parameterized by prior distribution
[0; T ]; T = (5; 15; 30; 100). The threshold performance improves when T
is close to the channel duration LT , while the performance is independent of
the prior at high SNR.

Fig. 2. MAP time delay estimation performance, with ZZB and ECRB comparison. The ZZB tracks the estimator threshold behavior, while the ECRB is not
tight below the SNR threshold. The GMLE minimizes the MSE without knowledge of the channel statistics and consequently has much worse performance.

Fig. 4. ZZB on TDE with varying signal bandwidth. A square-root raised cosine pulse with roll-off factor = 0 is assumed. Curves are parameterized by
the root-mean-square bandwidth for (0.15, 0.3, 0.5, 1). At high SNR, increasing
the bandwidth by roughly an order of magnitude decreases the TDE RMSE by
an order of magnitude.

, consistent with bandwidth limited pulse cases studied by
Ziv and Zakai [7], [8].
Fig. 2 compares estimators and bounds, averaging over
30 000 realizations. The MAP estimator (78) converges to the
ZZB at high SNR, with a few dB gap between the ZZB and
MAP estimator in the mid-SNR threshold region, as occurs in
frequency estimation and other problems [9]. Also shown is the
GMLE from (80), which tracks the MAP performance only at
low SNR and generally has weak performance. At high SNR,
the ECRB is slightly looser than the ZZB, and because the CRB
is a local bound it does not track the MAP threshold behavior
and becomes very loose for medium to low SNR.
Fig. 3 plots the ZZB with curves parameterized by the uniform prior distribution duration
, varying
over
. With the prior equal to the channel duration

, the threshold behavior is enhanced by several
decibels. At high SNR, the RMSE performance is independent
of the prior.
Next, in Fig. 4, we show the ZZB as a function of signal bandwidth, where we employ the mean-square bandwidth (MSB) defined by (111) in Appendix II. The root-raised cosine pulse was
used, with root-MSBs of (0.15, 0.3, 0.5, 1). See Appendix II
for the relevant expressions. Increased bandwidth has significant impact above the high SNR threshold, where performance
is dominated by the signal autocorrelation and the associated
ambiguities [22]. Increasing the root-MSB from 0.15 to 1 yields
roughly an order of magnitude reduction in the TDE RMSE in
the high SNR regime.
To illustrate the effect of the signal choice we consider
several different signals including SRRC, pseudo-random (PN)
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Fig. 5. Ziv–Zakai bounds on time delay, comparing several different signals,
all with identical root-mean squared bandwidth. The threshold and low SNR behaviors are identical, while the high SNR performance depends on the detailed
structure of the signal autocorrelation.

coded SRRC pulse train, Gaussian, and Gaussian doublet in
unit frequency
Fig. 5. The root-MSBs were all set to
(see Appendix II for the signal and bandwidth expressions).
From (27) and (28), the pulse shaping only affects the distributions of the LLR and the ZZB through their autocorrelation
and
, accounting for the small variation in
matrices
RMSE error slope in the high SNR regime. Given the same
MSB, the threshold and low SNR behaviors are identical.
As a final example, in Fig. 6, we compare a rectangular pulse
of duration
with the bandlimited SRRC. For comparison, the SRRC bandwidth is set to the width of the rectangular
pulse spectrum main lobe, which is
. While these two signals have nominally the same bandwidth, the rectangular pulse
yields a TDE RMSE slope of
(consistent with [8]) versus
for the SRRC. This illustrates the difficulty in selecting
a universal definition of bandwidth, without accounting for the
rate of spectral decay. The rectangular pulse has much broader
spectral shape, and leads to significantly better TDE performance, although the ideal rectangular pulse is not bandlimited
and can only be approximated in practice.
X. CONCLUSION
We developed a Ziv–Zakai bound on Bayesian estimation of
time delay, for a known signal propagating through an unknown
convolutive random Gaussian channel, with a uniform prior on
the delay. The bound does not assume knowledge of the channel
at the receiver, providing a tight bound (tighter than a previously
derived ZZB that assumes channel knowledge, referred to in this
paper as the average ZZB). Differences between the two bounds
are pronounced at moderate and high SNRs.
Comparisons with the RMSE performance of MAP estimation indicate that the ZZB is tight for a large range of SNRs, and
thresholds can be found that separate low, medium, and high
SNR regimes. Lack of precise convergence to the prior as the
SNR goes to zero is well known for the ZZB, and this was accounted for by studying the ZZB approximations at low SNR.
The Bayesian CRB is not available with a uniform prior due
to regularity (smoothness) violations, so we derived the expec-
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Fig. 6. Ziv–Zakai bounds on time delay, comparing square-root raise cosine
(SRRC) and ideal rectangular signals, assuming the main lobe bandwidth of the
rectangular signal is same as the SRRC bandwidth of 0.5. The ideal rectangular
pulse yields significantly better TDE performance at high SNR due to its broad
spectral occupancy compared to the SRRC pulse.

tation of the conditional CRB (the ECRB), conditioned on the
channel. The ECRB was reasonably tight at high SNR in our
examples, but does not capture the threshold TDE behavior and
is not tight below the high SNR threshold.
We also considered an MMSE time delay estimator that does
not exploit the channel statistics, and showed that the MMSE
estimator is considerably poorer than the MAP estimator that
does account for the random channel.
APPENDIX I
A. MGF of a Quadratic Function of a Gaussian Random
Vector
Assume is a real Gaussian vector with distribution
, where
. For constant
and , the MGF
of
is defined as

(98)
According to Theorem (3.2a.1) in [18], if
matrix, then the MGF is

is a real symmetric

(99)

(100)
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Both equivalent forms (99) and (100) can be useful. Equation
, but the matrix
(99) does not require the square root
is asymmetric, whereas (100) does require
, but the
symmetry of
can lead to efficient calculation of the inverse and determinant.
. Noting that
We can also obtain a form without
, and
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(105)
The expansion of the determinant
requires associated
derivatives as well. From (A.390) in [23, App. A]

so that

then (100) can be expressed as

(101)
If
case,

and
, then
of is given by

degrades to

. In this

(106)
Therefore,

has the following expansion:

(102)
in [18, p. 40].
according to the last equality of
When is asymmetric, since
, we have an
equivalent expression for
as
. Therefore, the above results are also applicable after
.
replacing by

(107)
If

, then

B. Taylor Expansion of the Inverse and Determinant of a
Matrix

(108)

Let square matrix have a second order expansion for small
given by
, where is non-singular.
Expansion of
in a power series of requires derivatives of
with respect to . Since
, we have

(109)
The above also readily leads to

which leads to
(103)

(110)

APPENDIX II
EXAMPLE SIGNALS AND THEIR AUTOCORRELATION AND
BANDWIDTH EXPRESSIONS
(104)
Therefore,

has a Taylor expansion given by

In our examples, we adopt mean-square bandwidth (MSB)
defined by [24]
(111)
and
are, respectively, the time and frequencywhere
domain expressions of the signal, and
is the autocorrela-
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tion. is also known as the root-mean-square equivalent bandwidth (RMSB).

is a coefficient inherwhere
ited from the above Gaussian pulse. Its autocorrelation is

A. Square-Root Raised Cosine Pulse
The spectrum of a square-root raised cosine (SRRC) pulse is
given by [4]

(118)
. The spectrum of the pulse
To normalize we set
and its squared MSB are given by [25]

(119)
(112)
is the first zero-crossing time, and
where
factor. The time-domain expression is

is the roll-off

D. Square-Root Raised Cosine Pulse Modulated by a PN Code
The SRRC pulse modulated by a pseudorandom noise (PN)
code generates a pulse train. Suppose the code has chips with
a duration of
for each chip. The SRRC pulse with the first
zero-crossing point
is cut at
. We choose
pseudo-random m-sequences of length 15, corresponding to the
generating polynomial
. The discrete periodic
autocorrelation of binary
m-sequence is [26]
(120)

(113)
The autocorrelation and squared MSB of the SRRC pulse are

where is an integer. The pulse train and autocorrelation are
given by
(121)

(114)
where

.

B. Gaussian Pulse
The Gaussian pulse, its spectrum and autocorrelation are [25]

(122)

(115)

, where
The delay can be expressed as
, and then the SRRC pulses overlap only for
and
. So the autocorrelation of the PN pulse train
becomes [26]

. We set
for normalizing the autowhere
and does not affect the
correlation, which makes
bandwidth. The squared MSB of the Gaussian pulse is obtained
by the second-order moment of the Gaussian distribution as

(123)
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